Abstract. In this paper, we unify the system of functional equations defining a multi-Jensen-quadratic mapping to obtain a single equation. We also prove, using the fixed point method, the generalized HyersUlam stability of this equation both in Banach spaces and in complete non-Archimedean normed spaces.
Introduction
It is well known that among functional equations, the Jensen equation
(which is closely connected with the notion of convex function) and the
Jordan-von Neumann (quadratic) equation
q(x + y) + q(x − y) = 2q(x) + 2q(y) (which is useful in some characterizations of inner product spaces) play a prominent role. A lot of information about their solutions (which are said to be Jensen and quadratic mappings, respectively), stability and applications can be found for instance in [21, 24, 28] . Let us recall that a group G is called uniquely divisible by 2 provided that for every x ∈ G there exists a unique y ∈ G (which is denoted by
Preliminaries
Throughout this paper, N stands for the set of all positive integers, N 0 := N∪{0}, R + := [0, ∞), n ∈ N and k ∈ {0, . . . , n}. Moreover, given a nonempty set V , we identify x = (x 1 , . . . , x n ) ∈ V n with (x 1 , x 2 ) ∈ V k × V n−k , where where ra stands, as usual, for the rth power of an element a of the commutative group V . Finally, we adopt the convention that for any set A, A 0 := ∅.
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Now, we recall some definitions and facts which will be needed in what follows.
We start with a fixed point result that can be derived from [7, Theorem 1] . In order to do this, we introduce the following three hypotheses.
(H1) E is a nonempty set, Y is a Banach space,
Now, we are in a position to present the above-mentioned fixed point theorem.
Theorem 2.1. Let hypotheses (H1)-(H3) hold and the functions ε : E → R + and φ : E → Y fulfill the following two conditions:
Then there exists a unique fixed point ψ of T with
Moreover,
Given an m ∈ N we write S := {0, 1} m , and S i stands for the set of all elements of S having exactly i zeros; i.e., The following technical lemma from [3] will also be useful in the proof of our first stability result. In any non-Archimedean field we have |1| = | − 1| = 1 and |n| ≤ 1 for n ∈ N 0 .
In any field K the function | · | : K → R + given by 
Then (X, ∥ · ∥) is called a non-Archimedean normed space.
In any such a space the function d :
is a metric on X. Recall also that a sequence (x n ) n∈N of elements of a nonArchimedean normed space is Cauchy if and only if (x n+1 −x n ) n∈N converges to zero. Moreover, the addition, scalar multiplication and non-Archimedean norm are continuous mappings. Finally, we give another fixed point result that can be derived from [8, Theorem 1] . In order to do this, we introduce the following three hypotheses.
(N1) E is a nonempty set, Y is a complete non-Archimedean normed space over a non-Archimedean field of a characteristic different from 2,
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Now, we are in a position to present the mentioned fixed point theorem.
Theorem 2.3. Let hypotheses (N1)-(N3) hold and the functions ε
Then for every x ∈ E the limit
exists and the function ψ ∈ Y E , defined in this way, is a fixed point of T with
3. Results
A characterization of multi-Jensen-quadratic mappings
First, we reduce the system of n equations defining the k-Jensen and n − kquadratic mapping to obtain a single functional equation. In order to do this, we will use the following lemma.
Lemma 3.1. Let V be a commutative group uniquely divisible by 2, W a linear space over the rationals, n ∈ N and k ∈ {0, . .
and consequently f (x 1 , 0, . . . , 0) = 0. If n − k ≥ 2, then we fix j ∈ {k + 1, . . . , n}, x j1 ∈ V and put x j2 = x mim = 0, where i m ∈ {1, 2}, for m ∈ {k + 1, . . . , n} \ {j} and x
, A. Bahyrycz and K. Ciepliński and thus
We continue in this fashion obtaining f (x) = 0 for any Let us first suppose that f : V n → W is a k-Jensen and n − k-quadratic mapping. Since then for any
which means that
is n−k-quadratic, and therefore from [31, Theorem 3] (see also [18] ) it follows that
Vol
, 2}, equations (3.2) and (3.3) give
which proves that f satisfies equation (3.1). Now, assume that (3.1) holds. Putting in it x 2 2 = (0, . . . , 0) and using Lemma 3.1 we get 
Stability of equation (3.1) in Banach spaces
In this subsection, we prove the generalized Hyers-Ulam stability of equation (3.1) in Banach spaces. Our proof is based on Theorem 2.1. Given a commutative group V which is uniquely divisible by 2, a linear space W and a function f : V n → W , we write 
and ε
Then there exists a unique solution F :
Proof. Putting x
Then, by (3.9), we obtain
Next, put
It is easily seen that Λ has the form described in (H3). Moreover, for any ξ, µ ∈ W V n and x ∈ V n we get
so hypothesis (H2) is also valid.
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Now, using induction, we show that for any l ∈ N 0 and x = (
Fix an x = (x 1 , x 2 ) ∈ V n . Since we adopt the convention that 0 0 = 1, (3.12) is obvious for l = 0. Next, assume that (3.12) holds for an l ∈ N 0 . Then, applying Lemma 2.2 for m := n − k and
we obtain
and thus (3.12) holds for any l ∈ N 0 and x ∈ V n . Equality (3.12), together with (3.6), shows that all assumptions of Theorem 2.1 are satisfied. Therefore, there exists a unique function F : 13) and (3.7) holds. Moreover,
Now, we show that 
) .
The last equality follows from Lemma 2.2 with m := n − k and
Letting l → ∞ in (3.15) and using (3.5) we obtain
which means that the function F satisfies equation (3.1). Finally, assume that F ′ : V n → W is another function satisfying equation (3.1) and inequality (3.7), and fix x ∈ V n , m ∈ N. Then, by Theorem 3.2, Lemma 2.2 and (3.6), we have
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Consequently, letting m → ∞ and using the fact that series (3.6) is convergent, we obtain F (x) = F ′ (x), which finishes the proof. 
Define an operator T by (3.10) and put
Then, by (3.18), we obtain (3.11). Next, put
Λη(x) := max
It is easily seen that Λ has the form described in (N3). Moreover, for any ξ, µ ∈ W V n and x ∈ V n we get
2 )� � , so hypothesis (N2) is also valid.
